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  1. Numerical Calculations of State 
     Equation and Critical Data 

 The numerical calculations of state equation 
(21) were performed using the upper limit Z= 
12 and the lower limit Z=4 for the summa-
tions in expressions (22). Z=12 was selected 
in accordance with the closest packing arrange-
ment. The selection of the value of lower 
limit is arbitrary to a certain extent since it 
gives only a small effect on Eq. (21). The left

side of Eq. (21) contains ζ in the terms of X,

Xz, Y and Yz. Therefore the value of ζ for

the given value of R and ξ must be obtained

by the successive approximation. The results

obtained for the case of δ=0.10 and 0.12 are

shown in Table 1. The F-V diagram deduced 
from these values shows van der Waals' type 
condensation and the critical constants are 
determined by a graphical method. The critical 
constants obtained for three different values of
δ are shown in Table 2 in which the com-

            Table 1

Values of ζ Calculated from Eq. (21)
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parison is done between calculated and empiri-
cal values for noble gases and few other gases.

Following the variation of δ, the proper values

of g are selected to adjust the calculated and 
experimental values. The agreements are rather 
good when we take into consideration on the
rough approximation of vf and Ψ for the

large value of T and small value of Z.

             Table 2

Calculated and Observed Critical Data

Souses: Critical data-Int. Crit. Tab.

      ε0 and r0-from the Table in R.H. Fowlet

      E.A. Guggenheim, "Statistical Thermo-

      dynamics," 285 (1939).

  2. Equilibrium between Solid and 
          Liquid States 

 When we assume that the essential difference 
between solid and liquid states consists only 
in the irregularity in the molecular arrange-
ments, then the free energy of solid states of 
a face centered crystalline state may be given
by the equation (9) in which δ=0 and all of

the values of P(Z) is zero except in the case 
of Z=12. The free energy expression thus 
obtained is identical to that given by Lennard-
Jones and Devonshire for liquid state lacking 
the additional term of kT. The Gibbs' free 
energy for solid state may then be written as 
follows,

(23)

in the case of a

face centered cubic lattice.)

where Ψ(Rs, 12) and vf(Rs, 12) are respec-

tively given by Eqs. (7) and (5) substituting

Rs for R and 12 for Z. Rs which corresponde

to R in the solid state is given as a function

of ζ and ξ by the state equation for solid

state, i. e.

(24)

which is deduced from Eq. (21) with [Z]AV=.

12 and δ=0.

 To compare the free energy of liquid etate 
with that of solid state we rewrite the term A 
in Eq. (19) using the Eqs. (18), (5), (20) and 
(22).

Therefore

Then the Gibbs' free energy of liquid state 
obtained by Eq. (19) is as follows,

(25)

The condition for equilibrium between solid 

and liquid phases with the same temperature 

and pressure is

(26)

where

In the solid state pressure is obtained from the 
expression of free energy given by Eq. (23)
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Therefore

Using the above equation, we can simplify the 
terms regarding the volume change in Eq. (26) 
as follows,

where we used the relation 12γ=g which may

hold near the melting point. From this equa-

tion we can obtain the condition for melting 

as following,

(27)

         3. Fusion Parameters

  From the above equation we can obtain the

melting temperature for the given value of ξ,

substituting the value of R determined as a

function of ζ and ξ by the state equation (21).

The pressure dependence of melting point

obtained from this method in the case of δ=

0.1 and 0.12 are shown in Figure 1. Too large

theoretical value of ζm (see Table 3) was reduced

by the use of ζc given by Table 2 which are

also too large compared with experimental

values. Therefore the calculated values in

Figure 1 fairly agree with experimental values.

The values of melting point derived by this

method depend on δ, and ζm increases with

decreasing values of δ. The varintion of n in

the expression of the molecular interaction 
energy gives greater influence on the melting 
temperature. In the general case of the mole-
cular interaction expressed by Eq. (1), the 
condition for melting temperature is given by 
Eq. (27) with the alteration of the last term to 
the following expression,

Fig. 1.

(28)

To obtain the melting point for the general

case we have to calculate R for the given ζ

and ξ using the state equation (21) and ex-

pression for ρ in (22) with different numerical

constants. Also the free volume vf given by 
Eq. (5) needs revision which corresponds to the 
change of n, and this revision may result the 
changes of numerical values in expression (6'). 
The change of melting point by this revision 
may not be of a negligible order, however we 
may see the inclination of change in the melt-
ing point with different values of n by the 
calculation using the same numerical values in 
expression (6'). The result obtained is shown
in Figure 2 in the case of δ=0.12. With

higher value of δ the curve in Figure 2 shifts

downward. It is easily supposed that the melt-

ing point has a strong dependence on n since 

the molecular distances of nearest neighbors at 

the melting point are so short that the repul-

sive force plays an important role. To reduce

Fig. 2.
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the observed melting temperature Tm to ζm=

ε0/kTm we have determined the values of ε0.

Lennard-Jones and Buckingham have deter-

mined the values of ε0 for argon, neon and

nitrogen, etc. using the results of exact measure-

mente on isotherms of these gases. These

results show a linear dependehce of ε0 on n.

Estimated values of ζm using these values are

shown in Figure 2 by the dotted line for argon, 

neon and nitrogen. The cross points of full 

line and dotted lines indicate proper values of 

n with which the calculated melting point agree 

with the observed values. Therefore we may 

obtain a rough estimation of the relative values 

of n for simple molecules by this method. If
we assume that the relation Tc=4ε0/3k holds

for n=12 and also ε0 changes with n in a

similar way as illustrated for A, Ne and N, we 

can obtain the relative values of n from the 

critical and melting temperature. When mole-

cules have an attractive force proportional to 

r-6 we may conclude that the lower value of 

the ratio Tc/Tm corresponds to a higher value 

of n. The noble gases have the highest value 

of n and other molecules having more complex 

structures show lower values of n.
The volume change Δv by fusion ie obtained

from the values of Rs, R and [Z]AV at the 
melting point which are presented in Table 3. 
Rs is obtained by the solid state equation (24) 
at the melting temperature and pressure. Using 
the relation (10) we get

(29)

as a volume change from a liquid state to a

face centered crystalline state, where vso is a 

volume per molecule and Rso is R in a solid 

at P=0, T=Tm. 

 The entropy of fusion per molecule may be 

written using the following thermodynamic 

relation,

(30)

From Eq. (27) though we may obtain the 
derivative of the right side in Eq. (30), it is 
easier to make numerical or graphical calcula-
tion using the following relation,

The theoretical fusion parameters Δv/vso and

ΔS thus obtained in the case of δ=0.10 and

0.12 are also given in Table 3. The observed 

values at high pressure In Table 3 is obtained 

by the interpolation of Bridgman's measure-

ments, where the values used for P/Pc are the

same as those in the case of δ=0.10. At

ordinary pressure, calculated fusion parameters

agree remarkably well to experimental values in

the case of δ=0.10. On the other hand, though

the pressure dependence of fusion parameters

ΔS and Δv/vso agree moderately well with

experiments for argon, but the agreement is

rather poor when compared with that of the

             Table 3 

Calculated and Observed Fusion Parameters

Sources: ε0 and r0 are same as in Tab. 2.

       Observed values are from Randolt, and Bornstein, "Physik.-Chem. Tab. Eg. IIIc,"      2687

, 2689.



244 [Vol. 23, No. 6

pressure dependence of melting temperature. 
 The molecular arrangements at high pressure 

will become more likely similar to the solid 
state arrangements. And it may be expected 
that the higher the pressure becomes, the steeper 
the distribution of the distances between two 
nearest neighbors becomes, and also the shorter 
these distances become. From the general in-
clination of change of fusion parameter with
the change of δ we can expect that a better

agreement may be obtained between calculated

and observed values of ΔS and Δv/vso when

we assume smaller values of δ at higher pres-

sure.

 The quantitative agreements between theo-

retical and experimental values of fusion para-

meters may be expected when we take into 

consideration the pressure dependence of the

value of δ and a revision regarding a calcula-

tion of the free volume which was performed 

with a model of too restricted molecular motion 

in this paper. We may therefore conclude that 

the experimental confirmation of assumption 

on the molecular arrangements as well as the 

procedure of the construction of partition func-
tion is adequate. To know the behavior of 

the liquid state and liquid-solid equilibrium

at the pressure higher than P/pc～100 we have

to check the correctness of the approximate 
formula for free volume expressed by Eq. (6), 
since at such pressure R-6 and Rs-6 becomes 
arger than 1.2.

            4. Summary 

 The molecular arrangements in liquid state 
may be characterized by assignement of the 
number of nearest neighbors on each molecule, 
and distances between two nearest neighbors. 
The assumption is made on the distribution of 
distances r between the two nearest neighbors 
which does not take a definite value as in the 
crystalline state but is distributed over the
region of [r(1+δ), r(1-δ)]. The partition

function and state equation are deduced under

these assumptions using proper values of δ

expected by X-ray diffraction on liquid argon. 

The critical constants for a simple liquid are 

determined which agree well with experimental 

values. The condition for the equilibrium 

between liquid and solid crystalline states is 

obtained on the basic assumptions that the 

essential differences of liquid and solid states

consist in the difference of values of δ and the

number of nearest neighbors around each mole-

cule. The calculated melting temperature, 

volume and entropy inerements by fusion and 

pressure dependences of these fusion parameters 
agree well with experimental values. 
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